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ABSTRACT 
2 5 d p 8  

A normal-incidence reflective polariscope, together with some am- 
iliary instrumentation, is described. The instrument consists of eight 
unit polariscopes, suitably oriented, which are indexed into position 
within a short period of time to obtain a set of eight data. The data 
obtained provide sufficient information to separate the principal strains 
obtained at different time intervals. The primary experimental objective 
was to design an inflated cylinder test, analogous to the loading expe- 
rienced in a solid propellant rocket, that would enable reasonable 
measurements of the triaxial surface-layer strains of a viscoelastic 
material as a function of time. The stress geometry imposed on the 
viscoelastic material was that of an unrestricted, internally pressurized, 
thick-walled tubular cylinder. The material investigated was polyure- 
thane solid propellant. Two different methods to reduce the biaxial 
strains in a low-modulus birefringent polyurethane coating are also 
described. &Me< 

1. INTRODUCTION 

A solid propellant such as a composite ammonium per- 
chlorate polyurethane will readily deform (creep) as a 
function of time under moderate, constant loading. The 
experimental knowledge of this functional relationship is 
prerequisite to future theoretical considerations (Ref. 1, 
2,3) regarding mechanical property studies as well as to 
applied design problems (Ref. 4). The peculiarity of solid 
propellant has required that current displacement- and 
strain-measuring techniques be modified or improved. 

Polyurethane propellant appears physically similar to 
a hard, opaque rubber that is capable of both elastic and 
viscoelastic response at ambient temperature, depending 
upon the environment. This composite propellant is 
highly filled with minute oxidizer crystals and fine metal 

powder. The initial elastic-tension modulus may be of 
the order of 500 to 1,OOO psi. The load-strain curve is 
usually nonlinear in the elastic regime. The mode of this 
curve is similar to that of a total load-strain curve for a 
ductile metal. The maximum stress may be of the order 
of 100 psi, whereas the maximum useful strain may be of 
the order of 30 percent. The material is essentially homo- 
geneous and isotropic for small loadings. This may not 
be true for moderate to high loadings, since a dewetting 
mechanism (separation of filler from binder) becomes 
predominant. 

One method to measure the principal biaxial visco- 
elastic strains on the flat surface of a thick-walled cylin- 
der end, for example, is to use a photoelastic-coating 
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technique (Ref. 5, 6, 7). By using a low-modulus (less 
than 500 psi) birefringent resin (Ref. 8), the reinforce- 
ment may be minimized. Other related measurement 
discrepancies can likewise be accounted for to correct 
the final strain readings (Ref. 6, 9, 10, 11, 12). An ap- 
proximate third principal viscoelastic “strain” may be 
measured by observing the over-all change of the longi- 
tudinal dimension. Here it is assumed that a pressurized, 
unrestricted, thick-walled cylinder contracts uniformly. 
This assumption is questionable. However, since the 
circumferential and radial strains are larger than the 
longitudinal strain, the discrepancy introduced is not 
considered intolerable. A problem arises when the pho- 
toelastic-coating technique is used to measure time- 

dependent strains, in that the position of both the 
isoclinics and isochromatics must be recorded as a func- 
tion of time. One solution to this problem, presented 
here, simply requires that a number of preset polari- 
scopes be indexed so as to record the isoclinics in a short 
period (ideally an instant) of time. In this manner, groups 
of readings may be taken at different intervals of time. 
The extension of this experimentation to the temperature 
or dynamic loading regime (inertia being significant) is 
not discussed in this Report. However, the experimental 
philosophy presented (isoclinics and isochromatics as a 
function of time) is directly applicable to such studies as 
those of photoviscoelastic (Ref. 13) and photothermo- 
elastic relationships (Ref. 14). 
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II .  THEORETICAL ASPECTS 

One objective in a mechanical properties study is to 
measure the individual principal stresses and strains in 
an infinitesimal region subjected to an environmental 
restraint. In this manner, constitutive equations may be 
postulated on the basis of the experimentally observed 
relationships between stresses and strains. 

The photoelastic coating technique may be used to 
measure surface strains and their associated principal 
directions. The technique consists of recording the 
stress-strain-optic relationship within a birefringent 
coating bonded to the surface of the material under 
inspection. If the coating behaves as an elastic plane- 
stress structure, the strain state can be computed using 
the classical photoelastic theory. The surface strain state 
of the material under inspection must be reasonably the 
same as that of the bonded coating. Various reinforce- 
ment corrections may then be employed to improve the 
accuracy of the strain measurements. 

Two methods to reduce the principal strains in an 
incompressible elastic coating are discussed below. 
These methods are applicable because the polyurethane 
coating used behaves as an ideal rubber, i.e., it is incom- 

pressible. However, it is noted that there are other 
methods available. The methods described below are 
particularly suitable for the experiment considered in 
this Report and are based on the following assumptions, 
which have been experimentally verified (Ref. 6, 15). 

1. The stress-strain-optic relationship for an elastic 
polyurethane coating can reasonably be stated as 

nll - nZ2 = 2tK (el1 - e Z 2 )  

= 2tC ( U l l  - Um) (1) 

where 

C E  K = -  
1 + P  

t = to (1 + eS3)  

2. The coating is linearly elastic to 30% strain; hence 
the linear constitutive equations are 
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3. The body forces within the coating are negligible; 
thus the equilibrium equations are 

4. Shear gradients do not traverse the thickness of the 
coating except near the free edges. Hence 

A. A Shear-Difference Method 

equations (Eq. 3) become 
\T'ith the assumptions given above, the equilibrium 

p = TWO-DIMENSIONAL PRESSURE 
u = INNER RADIUS (UNDEFORMED) 
b = OUTER RADIUS (UNDEFORMED) 

These equations indicate that the coating responds in 
a manner similar to that of a classical plane photoelastic 
model. Therefore, the theory and techniques applicable 
to classical photoelastic models can be used to explain 
the behavior of photoelastic coatings. 

The structure chosen for analysis was that of an un- 
restricted thick-walled cylinder subjected to an internal 
pressure as shown in Fig. 1. The point region under 
investigation is at the center of the coating. Two semi- 
circular coatings of differing sensitivities are bonded to 
the flat end-surface of the propellant cylinder (Fig. 2). 
Kote that there is no shear along any radial trace 
for a pressurized cylinder, because of symmetry. There- 
fore, the classical shear equation reduces to 

011 - 0 2 2  
sin 2 q  - 

0 -  
-P 2 

for any point along a radial trace. Next, n equally spaced 
inspection points are selected on the coating along one 
radial trace. About these inspection points, a plane ele- 
ment dr, d e  is designated. In the limit, this element ap- 
proaches dx, dy (Fig. 1). By arbitrarily choosing k = 1 

ENLARGED POINT P -  Y 4 

1 L ( r ,  8,z) AT POINT P 

( p . 8 , ~ ' )  AT POINT P 

Fig. 1. The deformation of an unrestricted, thick-walled cylinder of solid propellant, 
by internal pressurization 
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Fig. 2. Two semicoatings of differing 
sensitivity 

deg, Eq. (6) may be applied at the edge of the element 
(dx, dy), and thus a shear is obtained parallel to the 
radial trace 6' = 90 deg (Fig. 1). Thus the local shear 
stress, Eq. (6), with respect to any point i along the 
radial trace in the Cartesian system, becomes 

The magnitude of (ull - uZ.Ji is obtained directly 
from the observed color (fringe value) at the point i. 
This color is converted to stress by means of a calibra- 
tion curve of color vs. stress, Eq. (l), experimentally 
established for each photoelastic coating. 

It is desirable to reference the shear iw with respect 
to the axis of the cylinder. In this manner the fringe 
value of the isochromatic trace (in psi) can be directly 
assigned to Eq. (7) since the trace is originally measured 
with reference to the symmetrical cylinder axes. In Car- 
tesian coordinates, the distance x from a point i on the 
reference radius (6' = 90 deg) to the parallel shear stress 
uzv may be expressed as 

In the close proximity of the point under investigation 

(noting that oxy z 0 at x i  = 0) the shear :xv with respect 
to xi  may be approximated in incremental form 

i 

From Eq. (5) one notes that 

so that the desired quantities a&,/2yi are obtained. 

The relationship between &,y and y i  can be obtained 
on a computer by using Simpson's rule and assuming the 
boundary conditions &, = 0 at yl. Separation of the prin- 
cipal stresses from isochromatic data is thus achieved by 
knowing the calibrated stress-strain relationship of the 
linear coating. 

The principal strains in the coating are then computed 
from 

These measurements can be made at different time 
intervals to measure the creep phenomenon of the ma- 
terial under study. 

6. A Method Peculiar to Incompressible Coatings 

A second and perhaps less tedious method for reduc- 
ing the principal strains is predicated upon the fact that 
a polyurethane resin is essentially incompressible. This 
experimental observation introduces another equation, 
thus enabling the computation of the five unknowns, 
ull, uz2, E ~ ~ ,  and e33. The following five equations are 
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sufficient to determine the stress-strain-ptic state of 
the coating: 

1. The stress-optic law for a urethane resin is 

n11 - n22 = 2tC(Oll - 022)  

= 2t0 C(1 + e34 (ul1 - uZ2) (12) 

2. Since the coating is incompressible, the strains are 
related by 

(1 + (1 + (1 + e33) = 1 (13) 

3. The classical constitutive equations for plane stress 
are 

1 
E11 = (011 - cL022) 

1 
E E22 = - ( 0 2 2  - pull) ( 14) 

B 
E e33 = - - (ul1 + uZz) 

These equations reduce to a nonlinear set that may be 
solved by the Newton-Raphson method, which can be 
programmed on a computer. This alternate method for 

separating the principal strains and allows point 
strain computations without the need for assuming struc- 
tural boundary conditions. On the other hand, no infor- 
mation regarding principal directions may be had using 
this approach. 

C. Comparison of the Methods 
The two methods discussed above for reducing the 

biaxial principal strains in the coating are expedient for 
engineering analysis. Viscoelastic strain data can quickly 
become voluminous, and a decision between the time 
available to reduce data and the desired accuracy must 
be made to suit the individual investigation. An estimate 
of the strain measurement discrepancies among the two 
proposed methods and a theoretical approximation may 
be derived from Table 1. 

The data used to compute the strains in Table 1 were 
obtained from an “incompressible” elastic thick-walled 
cylinder (unfilled pure rubber) whose modulus was of 
the same order of magnitude as that of solid propellant. 
The elastic and optic constants of the coatings used 
were the same for both the shear-difference and incom- 
pressibility methods. A perturbation of these experi- 
mentally determined constants does not significantly 
change the values of the strains shown in Table 1. 

A comparison between the shear-difference and in- 
compressibility methods indicates a possible discrepancy 

Table 1. Biaxial strains obtained by three methods 

I Computer solution mothods 

Shear- 
d h u  

h o d ,  in&. 

lncomprrsibilii 
assumption 
e, in./in. 

O.ooo9 

0.0047 

0.0091 

0.01 18 

0.0177 

0.0312 

0.0447 

0.0548 

0.0618 

-0.0010 

-0.0038 

-0.0075 

- 0.01 01 

- 0.01 42 

-0.0259 

-0.0359 

- 0.041 4 

-0.0471 

0.0010 

0.0043 

0.0084 

0.01 08 

0.0162 

0.0276 

0.0389 

0.0464 

0.0527 

-0.0010 

- 0.0043 

-0.0081 

-0.0110 

-0.0154 

- 0.0254 

- 0.0360 

- 0.0430 

-0.0482 

lhooroticol 
approximation 

in./in. 

0 

0.0079 

0.0138 

0.0190 

0.0241 

0.031 1 

0.0396 

0.0454 

0.0524 

et 

0 

- 0.0056 

- 0.oOw 

-0.0134 

-0.0170 

-0.021 9 

-0.0279 

-0.0320 

-0.0369 
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of 0.01 in./in. for E ~ ,  whereas a possible discrepancy of 
0.002 in./in. is found for E ~ .  

The theoretical computation assumes that the strains 
are being computed at the longitudinal center of an in- 
finitely long cylinder, not at the end of a finite cylinder. 
Hence a discrepancy should be expected between the 
theoretical approach and either the shear-difference or 
the incompressibility approach. The discrepancy be- 
tween the shear-difference and theoretical approaches is 
observed to be as high as 0.01 i d i n .  for and 0.01 

in./in. for E ~ .  Similarly, the discrepancy between the in- 
compressibility and theoretical approaches is observed 
to be as high as 0.008 in./in. for E~ and 0.01 in./in. for E ~ .  

111. DESCRIPTION OF THE APPARATUS 

P U L S E - C I N E J ’  
CAMERA 

FILTER-INDEXING 

These “discrepancies” actually are masked by scatter 
in the data and, for present purposes, are not considered 
serious because the interest here lies in the creep curve 
fitted through the scatter of the strain readings. On the 
other hand, the accuracy of the strain reduction can be 
readily improved if a refinement of the methods sug- 
gested above is undertaken. 

Figure 3 shows an exploded view of the polariscope. 
It consists of a 35-mm pulse camera (observer), a circular 
xenon flashtube (Fig. 4), and crossed Polaroid sheets 
with auxiliary filters. A schematic diagram of the optical 

ELECTRIC MOTOR 

PRISM 

REFLECTOR 

XENON FLASHLAMP 
rY 

HOUSING+ ?-- 
DISK 

Fig. 3. Exploded view of polariscope 

6 

phenomenon of the reflective polariscope described 
below is shown in Fig. 5. Eight of these crossed sheets 
(unit polariscopes) are mounted relative to the flashlamp- 
specimen plane at different angles on an indexing disk, 
as shown in Fig. 6. Associated instrumentation consists 

Fig. 4. Torus xenon flashtube and reflector 
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POLARIZER NO. 2 
(ANALYZER) 

Fig. 5. Reflective polariscope arrangement 

of a servo pressurization system and programmable 
timers to control the propellant grain pressurization as 
well as the operation of the indexing system (Fig. 7). 

much smaller than the polariscopes mentioned above, 
because of the use of a single xenon-lamp light source. 

A polariscope similar in geometry to the unit polari- 
scope described here was developed by Slot (Ref. 16). 
This unit consisted of two circular green-fluorescent 
(monochromatic) tubes. Polaroid filters were attached in 
such a manner as to allow manual rotation of the system. 
Hoek (Ref. 17) presented a modified version of Slot’s 
polariscope by using four circular neon (polychromatic) 
tubes. This apparatus is also designed to be manually 
rotated. The polariscope unit suggested in this Report (a 
prototype of which was first considered in Ref. 18) is 

A. Xenon Flashtube Light Source 

Polychromatic light was initially chosen over mono- 
chromatic light to study a class of problems, because 
the strain data reduction was somewhat simplified. A 
clear distinction between isochromatics and isoclinics 
was a necessary condition to be satisfied. Monochromatic 
light can be employed, however, when a particular inves- 
tigation requires its usage. The choice between these two 
light sources is also dependent on the low-modulus bire- 
fringent resin to be used; i.e., white light for resins of 

7 
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Fig. 6. Variously oriented Polaroid filters mounted on an indexing disk 

low sensitivity, and monochromatic light for resins of 
high sensitivity. Monochromatic light may be approxi- 
mated from white light by the use of appropriate filters. 

Commercial light sources with a torus geometry are 
readily available as flash units. Construction of such 
lamps can also be ordered at a nominal cost. A xenon 
lamp with ;m anniilar diameter of 3 in. and a tube diam- 
eter of y4 in. was fitted to a reflector (Fig. 4). A modi- 
fied Chadwick-Helmuth Strobex Model 121 provided a 
high-voltage power supply. This supply provides to the 
lamp a maximum power of 12 w-sec at 5 flashes per 
second. The power supply is triggered directly from the 
midshutter contactor of the pulse camera (Fig. 8). In 
this manner, synchronization between light flash and 
camera is obtained. The effective flash duration of the 
xenon lamp is approximately 300 psec. The xenon light 
spectrum is shown in Fig. 9. An interesting comparison 
between white light (daylight) and xenon-emitted light 
is shown in Fig. 10. It is noted from this Figure that 
xenon approximates white light rather well, an important 
factor in converting observed fringe color to retardation 

(Ref. 19). Figure 11 shows the operational design limi- 
tations with respect to flash duration time and light 
energy output for various voltage-capacitance power 
supplies. 

6. Filter-lndexin g Mechanism 

The basic requirement of an indexing mechanism was 
to position at rest, in the field of view of a camera, vari- 
ously oriented Polaroid filters. Eight separate crossed- 
Polaroid systems (Fig. 5)  were deemed sufficient to 
obtain an isoclinic plot, at a given strain level and refer- 
ence time ( t  = ti), within a short period of time (at). 
Each Polaroid system consists of a disk-shaped analyzer 
mounted within a ring-shaped polarizer. The two filters 
may be cut from a large Polaroid sheet by means of a 
steel rule die. They can then be cemented together in a 
single sheet, noting that their optical axes should be 
either parallel or crossed. These Polaroid systems are 
oriented with respect to each other by mounting the 
systems in a master disk (Fig. 6). This disk is mounted 
to an indexing mechanism (Fig. 3). A single photograph 

8 
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U N R E STR I CTE D S 0 LI D 
PROPELLANT CYLINDER 
WITH COATING LOCATED OUT 

-BAG PRESSURIZATION 
SERVO SYSTEM 

- ~ ~~~ ~ 

Fig. 7. Polariscope with associated instrumentation 
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Fig. 8. Electrical schematic of polariscope 

400 500 600 700 
WAVELENGTH, tnp 

Fig. 9. Spectral energy distribution curve of a 
typical xenon-filled flashtube 

may thus be exposed for each of the various orientations 
of the Polaroid filters. 

An indexing mechanism of the sealed-Tangen-drive 
type was chosen because of its smooth action and posi- 
tive indexing. This unit provides 90 deg of rotation for 
indexing and 270 deg of dwell per 360 deg of input rota- 
tion. A 2:1 gear ratio produces eight indexes (each of 
45 deg) per full revohtion of the input drive: seven fiIter 
stops, each oriented 15 deg with respect to one another, 
and one filter stop using quarter-wave plates mounted 

1 0  

WAVELENGTH, i x lo3 
Fig. 10. Spectral energy distribution of xenon-filled 

tubes under normal loading 

TIME, psec 

Fig. 11. lime-light curves for a flashtube at various 
capacitance and voltage levels 

in a ring-disk arrangement similar to that used with the 
Polaroids. A monochromatic filter may also be used. 
These eight stops provide the required sequencing neces- 
sary to obtain all the isoclinic data. The indexing rate of 
the Tangen drive is limited only by the speed of the 
input shaft. Presently, the unit is providing positive in- 
dexing at 10 exposures per second. 

C. Camera Selection 
The polariscope was provided with a 35-mm North- 

ridge Research RZ12 pulse camera and data box, This 
model is capable of 15 pulsed exposures per second, as 
well as cinema operation. A pulse-type camera was se- 
lected because the synchronization problem with regard 
to the Polaroid filters was minimized; i.e., for each 
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indexed position, only one photograph was taken. In 
addition, the camera had to provide a mid-shutter trig- 
gering pulse to the Strobex power supply for light syn- 
chronization. The camera was also provided with a data 
box attachment that recorded film sequence number and 
running time. These data are recorded in the sprocket 
area of the film. 

D. Progrum Timing 
Three timing ranges were considered sufficient to 

study a large class of viscoelasticity problems. The first 
timing range may be varied from 0 to 15-hr duration; 
within this duration, equal increment periods from 15 
sec to 15 min can be chosen to initiate the polariscope 
operation. The second timing range may be varied from 
0 to 60-hr duration; within this duration, equal incre- 
ment periods from 2 min to 2 hr can similarly be chosen 
to initiate the polariscope operation. Automatic flip-flop 
circuitry provides sampling between the first and second 

ranges. A third range may be varied from 0 to 60 hr. 
This control t u r n s  off the polariscope at any prescribed 
time. 

E. Apparatus Summary 
A basic design philosophy underlying the polariscope 

(Fig. 3, 7) was to insure positiveness of position. Since it 
was decided that a minimum of eight photographs was 
desirable to define the surface strains at any time t, each 
photograph was mechanically linked through the entire 
system. Under these circumstances, any photograph may 
be easily identified with respect to loading conditions 
and time. 

Summarizing the operation, eight Polaroid filters in all 
are used to map the isoclinics for a given value of the 
isochromatic. The operation is then repeated at various 
times to obtain biaxial strains as a function of time. 

IV. AN ILLUSTRATIVE EXAMPLE AND DISCUSSION 

Multiaxial creep data in a point region located at the 
radial center of the bonded coating (Fig. 1) were ob- 
tained from an unrestricted, pressurized, thick-walled 
cylinder of polyurethane solid propellant and are shown 
in Fig. 12a, b, and c. The biaxial coating data are shown 
in Fig. 12a and b. The longitudinal strain data were ob- 
tained by monitoring the contraction of the unrestricted 
cylinder with a simple resistance extensometer and are 
shown in Fig. 12c. The curves have the well-known 
characteristics associated with creep data. The question 
as to accuracy has been experimentally resolved else- 
where (Ref. 6, 15) for this test and is in the same realm 
as that discussed in Ref. 16 and 17. As in most experi- 
ments, the accuracy may be readily improved, subject to 
the law of diminishing returns. The strain discrepancy 
for the strains presented here can conservatively be 
taken as less than 1070, i.e., = 0.09 -C 0.009. 

A note regarding the separation of the biaxial principal 
strains is in order. It should be recognized that Eq. (1) 
through (11) assume that the classical photoelasticity 

phenomenon exists. This requires a known relationship 
among the stresses, strains, and retardation. If a material 
does not exhibit classical photoelasticity, then the polari- 
scope described in this Report is applicable for record- 
ing isoclinics and isochromatics as a function of time. For 
this general situation, new constitutive stress-strain-optic 
equations must be hypothesized (Ref. 13, 14). 

The applicability of Eq. (12), (13), and (14) is even 
more restrictive, since they require the photoelastic coat- 
ing to be incompressible. No information is given with 
regard to the direction of the principal strains or stresses. 
Another serious disadvantage is that this set of nonlinear 
equations does not have a unique solution. Hence, if 
these simpler equations are used, the direction of prin- 
cipal stresses or strains, as well as a reasonable approxi- 
mation of their magnitude, must be known a priori. 
These latter conditions were satisfied in this study by 
using a symmetrical test specimen. The stresses in the 
coating were initially approximated by the classical cyl- 
inder equations. 

11 
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Fig. 12. Circumferential, radial, and longitudinal 
strains vs. time 
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V. CONCLUSION 

A normal-incidence reflective polariscope to measure 
viscoelastic strains has been described. Two restrictive 
methods to reduce the principal strains in a birefringent 

coating were also presented. Creep data obtained for 
polyurethane propellant illustrate the potential of such 
an instrument in the field of mechanical properties study. 
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NOMENCLATURE 

C 

E 

K 

e33 

m i j k i  

n 

nll 

nzz 

t 

t o  

X i  

Yn 

stress-optic constant, psi-’ 

Young’s modulus, psi 

strain-optic constant 

thickness strain of the coating 

36 possible elastic constants, psi 

number of points being investigated 

refractive index in the 11 privileged direction 

refractive index in the 22 privileged direction 

coating thickness at any state of strain, in. 

original coating thickness, in. 

distance from a point i on the reference radial 
trace to the shear plane *, in. 

distance from symmetrical center of cylinder to 
point under investigation, in. 

Cartesian coordinate system (z thickness of 
coating) 

equal increment on the radial trace 
= (Yl - Ym)/(n - 1) 
principal strain in the 11 privileged direction 

principal strain in the 22 privileged direction 

longitudinal strain of the thick-walled cylinder 

strain tensor 

reference angle, deg 

Poisson’s ratio 

principal stress in the 11 privileged direction 

principal stress in the 22 privileged direction 

stress tensor 

shear stress, psi 

angle at which shear acts, deg 
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